We applied each of the seven treatments of branch lengths and substitution models to 148 eight multilocus data sets that represented a diverse range of animals and plants. The data sets 149 were taken from an existing curated compilation of data ( We also analysed two phylogenomic data sets that each comprised sequences from 153 hundreds of loci (Table 2) further partitioned by codon position. We randomly split the phylogenomic data into 158 alignments of 15 loci each to gain insight into the variation within them and for 159 computational efficiency. The bird data and marsupial data were thus split into 17 and 300 160 smaller data sets, respectively. 161
We analysed each data set using maximum likelihood in IQ-TREE v1.6.7 (Nguyen et 162 al. 2015) , under each of the seven treatments described above (Table 1 ). The fit of the seven 163 models was compared using the Bayesian information criterion (BIC). Under each treatment, 164
we also examined estimates of evolutionary parameters, including the sum of the inferred 165 branch lengths (tree length) and the proportional contribution of internal branches to the tree 166 length (stemminess; Fiala and Sokal 1985) . For analyses of each data set, we computed the 167 path-distance metric between trees (Steel and Penny 1993) in a pairwise fashion across 168 models of branch lengths. For the two phylogenomic data sets, we also compared each 169 topological estimate with the maximum-likelihood estimate from the total data set, as 170 reported in the original phylogenomic studies (Prum et al. 2015; Duchêne et al. 2018 ). We 171 report comparisons across trees for each data set using multidimensional scaling of the 172 pairwise distances between trees in two dimensions. The data sets, scripts used for analysis, 173 and output files are available online (github.com/duchene/branch_length_models). 174
175

Simulation Study 176
We conducted a simulation study to test for an association between the fit of different 177 models of branch lengths and the length of sequences and number of taxa in the data set. As 178 sequence length increases, there is more information available to identify the underlying 179 evolutionary model. Similarly, an increasing number of taxa provides more information about 180 the possible distribution of branch lengths, although a model with unlinked branch lengths 181 across loci will gain large numbers of additional parameters. To explore the patterns of model 182 support across these variables, we simulated sequence evolution along trees with varying 183 numbers of taxa (4, 8, 16, and 32) and per-locus sequence length (500, 1000, 2000, and 4000 184 nucleotides). We started from symmetric time-trees with branch lengths of 10 million years 185 (Myr). To convert these trees into phylograms, we multiplied the branch lengths (in time 186 units) by branch rates drawn from a lognormal distribution using the R package NELSI (Ho 187 et al. 2015) . The scripts of the NELSI package are available online 188 (github.com/sebastianduchene/NELSI), as are the scripts used for simulations and the output 189 of our analyses (github.com/duchene/branch_length_models). 190
Using the framework described above, we simulated sequence evolution to produce 191 pairs of loci under three different models of branch lengths. In the first model, the two gene 192 trees had unlinked branch lengths but shared the same sum of branch lengths (tree length). We generated 100 sets of branch rates and sequence alignments under each of the 48 207 combinations of branch-length model, number of taxa, and per-locus sequence length. The 208 sequence alignments were then analysed using IQ-TREE. We used the BIC to compare the fit 209 of three models of branch lengths, in which branch lengths were universally shared, 210
proportionally linked, or unlinked across loci. In all cases, we assigned a separate substitution 211 model to each locus. These scenarios correspond to treatments 3, 5, and 7 in our analyses of 212 empirical data (Table 1) . We also calculated the tree lengths and stemminess for the inferred 213 trees and compared these with the metrics computed from the trees used for simulations of 214 sequence evolution. 215
216
RESULTS
217
Multilocus and Phylogenomic Data 218
In our analyses of multilocus and phylogenomic data sets, we found that the simplest 219 model of universally shared branch lengths (treatment 1) provided a generally poorer fit thanlikelihood, and automatic model selection based on BIC rarely chose this model 222 ( Supplementary Fig. S1 ). For several data sets, including most of the multilocus data sets and 223 the phylogenomic data set from birds, this model also led to longer terminal branches 224 compared with the gene trees inferred using other models (Supplementary Fig. S1 ). In the 225 case of some multilocus data sets, the simplest branch-length model also led to an estimate of 226 the tree topology that was different from those obtained using the more complex models (Fig.  227   3a, 3f, and 3g) . lowest BIC scores across the empirical data sets examined (Fig. 2) . Specifically, the best-250 fitting model was the one in which branch lengths were proportionally linked and in which 251 selection of the partitioning scheme was automated (treatment 4; Table 1 ). In addition to 252 yielding the lowest BIC scores, the model with proportionally linked branch lengths tended to 253 produce gene trees that were comparatively short, but with intermediate stemminess and 254 levels of branch support (Supplementary Fig. S1 ). The second-best statistical fit was provided 255 by a model in which branch lengths are shared across all loci, but where a separate 256 substitution model is assigned to each locus. 257
The model with unlinked branch lengths across loci (treatment 7), which contained 258 the largest number of parameters, consistently provided the poorest fit across all of the 259 empirical data sets according to BIC scores (Fig. 2 ). Although this model had the highest 260 likelihood ( Supplementary Fig. S1 ), the penalty for its large number of parameters 261 lead to particularly distinct topological inferences, nor to greater distances from the reference 263 bird and marsupial topologies when compared with the other models of branch lengths (Fig.  264   3) . 265
The poor performance of the most complex model of branch lengths is also evidenced 266 by the fact that automatic model selection often chose the simplest model (universally shared 267 branch lengths). For the bird phylogenomic data, analyses using the most complex model 268 consistently led to a greater contribution of internal branches to total tree length, lower mean 269 bootstrap support across nodes, and a greater range in bootstrap support values across nodes 270 ( Supplementary Fig. S1 ). 271
272
Simulation Study 273
In our analyses of sequence data generated by simulation, we found the expected 274 pattern of an increasing preference for more parameter-rich models of branch lengths with 275 increasing sequence length (Fig. 4) . We also found that parameter-rich models were 276 frequently selected when the data had increasing numbers of taxa. Regardless of the 277 simulation conditions, a simple model with universally shared branch lengths was usually 278 preferred when the sequences were very short (500 nucleotides) and when there were fewer 279 than 32 taxa in the data set. 280
Under our first simulation scenario, in which loci had evolved with unlinked branch 281 lengths but with the same tree length, the correct model of branch lengths was only preferred 282 when each locus was 4000 nucleotides in length (Fig. 4a) . In the second simulation scenario, 283 in which the gene trees of the two loci had linked branch lengths with different tree lengths, 284 the correct model of proportionally linked branch lengths was preferred when the number of 285 taxa was greater than four (Fig. 4b) . Finally, in the third simulation scenario, in which thetwo loci had gene trees with unlinked branch lengths and different tree lengths, the correct 287 model with unlinked branch lengths was preferred when the loci were 4000 nucleotides in 288 length (Fig. 4c) 
299
Across our simulation scenarios, we found branch-length estimates to be close to the 300 true values (mean across loci), regardless of the model of branch lengths that was used for 301 analysis ( Supplementary Figs. S2-S3 ). For each scenario, the best-fitting model did not 302 consistently lead to the most accurate estimates of branch lengths ( Supplementary Figs. S4-303 S5). Nonetheless, analysing the data using a model with universally shared branch lengths 304 almost always yielded shorter gene trees, which often had short internal branches compared 305 with the trees inferred using other models of branch lengths ( Supplementary Figs. S6-S7) . In 306 addition to highly accurate estimates of branch lengths, the tree topology was estimated 307 correctly in every analysis. These outcomes are likely to reflect the fact that we explored arelatively narrow set of simulation parameters, despite this range being sufficient to produce 309 variable impacts on model selection. 310
311
DISCUSSION 312
Our study has demonstrated that some degree of data partitioning is appropriate for 313 improving model fit in phylogenetic analyses of multilocus data sets. In particular, our 314 phylogenetic analyses of a range of empirical data sets showed that a model with 315
proportionally linked branch lengths almost always provided the best fit. This outcome 316
suggests that the dominant form of evolutionary rate variation that is being appropriately 317 modelled is that across loci (i.e., gene effects), whereas the pattern of rate heterogeneity 318 among branches does not vary enough across loci to warrant the use of a parameter-rich 319 model with unlinked branch lengths. The model with proportionally linked branch lengths 320 that was most often favoured in our analyses is available in several software packages (e.g., The results of our simulation study show that the most parameter-rich models are 341 favoured only under certain conditions. Unlinking branch lengths across loci is an appropriate 342 strategy only for data sets that comprise long sequences from moderate to large numbers of 343 taxa (at least 32 taxa in our simulations). These large data sets contain the greatest amount of 344 information about the distribution of rates across taxa. However, we would expect that a 345 model with fully unlinked branch lengths would be strongly disfavoured for data sets with 346 large numbers of loci, such as those encountered in phylogenomic studies. 347
Our study provides some insights into the importance of accounting for heterogeneity 348 in molecular evolution across the genome. Our study has demonstrated the superior performance of phylogenetic models that 387
proportionally link branch lengths across loci and that automate the process of selecting the 388 data-partitioning scheme. Under-and overparameterization of the branch lengths across the 389 gene trees can have negative impacts on phylogenetic analyses of multilocus data sets. For 390 this reason, we recommend that proportionally linking branch lengths should be the default 391 approach to analysing multilocus data sets. Our recommendations can be extended to 392 phylogenomic data sets comprising large numbers of loci and taxa. Further examinations of 393 the impact of branch-length models on divergence-time estimates, along with the effects of 394 gene-tree discordance, are likely to be useful for improving the accuracy and precision of 395 phylogenomic inferences. 396 397
